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Credits

This talk is intended to focus on the question of giving criteria to

ensure that an extended-real-valued function defined on a locally

convex vector space is bounded below. It is based mainly on two

papers:

E. ERNST, M. THÉRA and M. VOLLE, Work in progress

H. ATTOUCH and H. BRÉZIS, Duality for the sum of convex

functions in general Banach spaces,Aspects of mathematics

and its applications, Collect. Pap. Hon. L. Nachbin, 125-133,

1986.

p.2/??



Content of the presentation

A survey of well known criteria

p.3/??



Content of the presentation

A survey of well known criteria

New objects

p.4/??



Content of the presentation

A survey of well known criteria

New objects

Self-equilibrated sets

p.5/??



Content of the presentation

A survey of well known criteria

New objects

Self-equilibrated sets

Growth direction

p.6/??



Content of the presentation

A survey of well known criteria

New objects

Self-equilibrated sets

Growth direction

Self-equilibrated functions

p.7/??



Content of the presentation

A survey of well known criteria

New objects

Self-equilibrated sets

Growth direction

Self-equilibrated functions

A new boundedness criterion

p.8/??



Content of the presentation

A survey of well known criteria

New objects

Self-equilibrated sets

Growth direction

Self-equilibrated functions

A new boundedness criterion

Two questions

p.9/??



First criteria ( ☼)

Consider the relationinfX Φ = −Φ?(0) ;

Φ is bounded below⇐⇒

0 ∈ DomΦ? = {x ∈ X? : Φ?(x) < +∞} (the effective domain of

Φ?).

As Dom Φ? is a convex set, relation0 ∈ DomΦ? occurs when

R+DomΦ? = {λx : λ ≥ 0, x ∈ Dom Φ?} (the cone spanned by the

effective domain ofΦ?) is a linear subspaceof X?.

(☼) an extended-real-valued function is bounded below on a

locally convex spaceX when the cone spanned by the effective

domain of its conjugate is a linear subspace of the topological dual

X? of X.
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Another tool: the imfimal convolution

Another tool which can successfully be used to derive boundedness

criteria is the concept of infimal convolution:

Φ�Ψ(x) = inf
y∈X

(Φ(x − y) + Ψ(y)) ∀x ∈ X

GivenΦ,Ψ : X → R ∪ {+∞}, Φ�Ψ is said to be exact at

x ∈ Dom Φ�Ψ provided the inf appearing in the definition is

attained.

The infimal convolution of functions in the classΓ0(X) has been ex-

tensively studied due to its remarkable role in duality theory and in

particular in the central problem of computing the conjugate of the

sum of two functions. (Rockafellar, Moreau, ...)
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Second criteria (K)

Needs of aqualification condition, that is a condition stated in terms

of Φ? andΨ? which ensures that relation

(QC) Φ�Ψ = (Φ? + Ψ?)?

holds and that the infimal convolution is exact.

Indeed, aΓ0(X)-function is bounded below when some qualification

condition is fulfilled by its conjugate and by the indicator function of

the singleton{0} (the conjugate of the constant function equal to

zero).

(K) aΓ0(X)-function is bounded below (and achieves its infimum)

over a locally convex spaceX when its conjugate is finite and con-

tinuous at0. p.12/??



A third criteria ( H#)

This qualification condition has known numerous refinements. A

significant step was accomplished when Attouch and Brézis proved

for reflexive Banach spaces that asufficientcondition for relation

(QC) to hold and for the infimal convolution to be exact is that the

convex coneR+ (Dom Φ? − Dom Ψ?) spanned by the difference of

the effective domains ofΦ? andΨ? is a closed linear space. This

result infers a new boundedness criterion:

(H#) a Γ0(X)-function is bounded below (and reaches its infimum)

over a reflexive Banach spaceX if the cone spanned by the effective

domain of its conjugate is a closed linear space.
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Continued

It can be observed that aΓ0(X)- functional defined on areflexive

Banachspace fulfills conditions of criterion(H#) ⇐⇒ if it is

semi-coercivethat is if there exists a closed subspaceV of X such

that

Φ(x) = Φ(x + v), ∀x ∈ X, ∀ v ∈ V,

the quotient functionalΦ : X/V → R ∪ {+∞}, defined by :

Φ(x) = Φ(x), ∀x ∈ x, ∀x ∈ X/V,

is coercive, in the sense that
(

Φ
)−1

(] −∞, r]) is bounded for

everyr ∈ R.
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Continued

Every coercive functional is semicoercive. Let us also mention two

of the most frequently encountered semicoercive functionals:

(i) The distance functional to a closed subspaceF of an arbitrary

Banach spaceX: J1(x) = dist(x, F ) = infy∈F ‖x − y‖.

(ii) If Ω ⊆n is a bounded subset with a smooth boundary, and

H1(Ω) is the corresponding Sobolev space,

J2 : H1(Ω) → R, J2(u) =

∫

Ω

|∇u(x)|2 dx.
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Combine two remarks

Remark 1- A well-known result says that on everynonreflexive

Banach spaceone may find a coerciveΓ0(X)-functionalΦ which

does not achieve its infimum.

Remark 1- Recall that the coerciveness ofΦ implies that0∗ is an

interior point ofDom Φ∗, which thus spansX∗.

�

�

�

�
Criterion (H#) does no longer work in nonreflexive Banach spaces
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A fourth criteria : ( G#)

Let us remark that, when seen as a boundedness criterion, (H#) and

(K) are mere corollaries of (☼). Indeed, criterion (H#) asks for the

continuity of the conjugate at0. This forces the cone spanned by its

effective domain to coincide withX?, while criterion (K) directly

imposes to this cone to be a closed linear subspace ofX?.

Developing ideas going back to Joly, a new qualification condition

was introduced by Moussaoui and Volle. This qualification

condition leads to

(G#) aΓ0(X)-function is bounded below (and achieves its infimum)

over a locally convex spaceX provided the closure of the cone

spanned by the effective domain of its conjugate is a linear space

and all its sublevel sets are locally weakly compact. p.17/??



WhenX is reflexive, take aclosed, convex and unboundedsetC

with half-lines (linearly bounded =C∞ = {0}) and consider the

gauge function given by

fC(x) =
1

sup{λ ≥ 0 : λx ∈ C}
, where

1

0
:= +∞.

fC ∈ Γ0(X) and is not concerned by criteria(H#) and (G#).

p.18/??



Criterion(H#) does not concernfC :

SinceR+Dom f ∗

C = B(C), thenR+Dom f ∗

C is a dense (since

C∞ = {0}) and a proper (asC is unbounded) subset ofX∗.

Criterion(G#) does not concernfC :

C is one of the level sets offC , and cannot be locally weakly

compact.
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A fifth criteria : ( L)

Our aim in this presentation is to adopt a totally different standpoint

in order to derive new criteria for extended-real-valued functions to

be bounded below.

As an example, let a us start with a well known argument. WhenX

is locally convex, aΓ0(X)-function achieves its infimum on each

weakly compact convex sets ofX; therefore it is bounded below on

such a set.Accordingly, a Γ0(X)- function is bounded below if
one of its sublevel sets is weakly compact. When the underlying

spaceX is a reflexive Banach space, this reads as follows:

(L) aΓ0(X)-function is bounded below on a reflexive Banach space

X if at least one of its sublevel sets is bounded.
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A fifth criteria : ( L)

This is not a very interesting result in itself (it is an easy application

of either of criteria (K) and (H#)).

However, the method used in deriving (L) may lead to more

comprehensive results.

Indeed, the lack of generality of criterion (L) is obviously a

consequence of the fact that the set of bounded closed and convex

sets does not exhaust, and by far, the class of sets which cannot be

sublevel sets ofΓ0(X) functions that are unbounded below.

Clearly, in oder to state a nontrivial boundedness criterion of type

(L), one must first completely characterize the class of those sets

which cannot be sublevel sets of functions unbounded below.
p.21/??



Needs of a short review on basic notations

Therecession coneto the closed convex setS is the closed convex

coneS∞ defined as

S∞ = {v ∈ X : ∀λ > 0, ∀x0 ∈ S, x0 + λv ∈ S} .
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Needs of a short review on basic notations

Therecession coneto the closed convex setS is the closed convex

coneS∞ defined as

S∞ = {v ∈ X : ∀λ > 0, ∀x0 ∈ S, x0 + λv ∈ S} .

S is calledlinearly boundedwheneverS∞ = {0}.

Given a closed convex subsetS of X, the domain of thesupport

functiongiven by

σS(f) := sup
x∈S

〈f, x〉

is thebarrier coneof S:

B(S) = {f ∈ X∗ : σS(f) < +∞} = Dom σS.
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Needs of a short review on basic notations

Therecession functionΦ∞ of Φ is given by

Φ∞(x) = sup
t>0

Φ(x0 + tx) − Φ(x0)

t
.

x0 arbitrary inX.

Γ0(X) is the set of lower semicontuniuous convex proper (not identi-

cally equal to+∞) functionsΦ : X → R ∪ {+∞}.
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Setting

The characterization of the class of those sets which cannotbe

sublevel sets of functions unbounded below will be achievedin the

general setting of dual vector spaces, sayX andY , where the

duality bracket〈·, ·〉 : X × Y → R satisfies:

∀x 6= 0, x ∈ X, ∃y ∈ Y s.t. 〈x, y〉 6= 0,

∀y 6= 0, y ∈ Y, ∃x ∈ X s.t. 〈x, y〉 6= 0.

A locally convex topology onX (respectively onY ) is calledcompat-

ible with the dualityif for that topology the maps of type〈·, y〉 : X →

R, y ∈ Y (respectively〈x, ·〉 : Y → R, x ∈ X) are the only linear

continuous functions onX (respectively onY ). Y may be identified

with the topological dualX? of X (andX with Y ?).
p.26/??



Self-equilibrated sets

The main tool used is the notion of self-equilibrated set

We say that a subsetS of the real Hausdorff topological vector space

X is self-equilibratedif every linear and continuous function which

is bounded from above onS is also bounded below on the same set.

Equivalently,S is self-equilibrated ifB(S) = −B(S), that is if the

barrier coneB(S) is a linear subspace ofX∗.

A subsetS of X is self-equilibrated if and only if its closed convex

hull co(S) is self-equilibrated. As a result we will focus our attention

on the study ofclosed convex self-equilibratedsets.
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A first boundedness criterion

Follows fromProposition�

Proposition� a setS may play the role of a sublevel
set of an unbounded below extended-real-valued
function minorized onS by some affine mapping, if and
only if S it is not self-equilibrated.

and reads as follows

Theorem- Every extended-real-valued function mi-

norized on a self-equilibrated sublevel set by an affine

mapping is bounded below.
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Two applications of Theorem-

to a subclass of quasi-convex functions of the type

Ψ(x) = sup
i∈I

(min(〈·, yi〉 + ai, ri)) , (1)

whereyi ∈ Y , ai, ri ∈ R, while I is an arbitrary index set.

is bounded below provided one of its sublevel sets is a

self-equilibrated proper subset ofX.

the second one is a specification of Theorem- to the

particular case of functions minorized by an affine mapping on

the whole underlying spaceX:

Theorem6 An extended-real-valued function minorized by an

affine mapping is bounded below provided at least one of its

sublevel sets is self-equilibrated.
p.29/??



A second boundedness criterion

We propose a new boundedness criterion, valid as Theorem6, only

for functions which are minorized on the whole spaceX by some

affine map. It relies on the notion ofself-equilibrated function. Φ is

self-equilibrated provided that if it grows faster than a linear map

〈·, y〉, y ∈ Y ,

[sup
x∈S

Φ(x) < +∞] =⇒ [sup
x∈S

〈x, y〉 < +∞]

(suchy is called agrowth directionfor Φ) then the same holds for

the opposite linear map,〈·,−y〉.
�

�

�

�Theorem
 An extended-real-valued function is bounded below

provided it is self-equilibrated and minorized onX by an affine map-

ping. p.30/??



Properties of the coneGΦ of the growth
directions of Φ

Lemma The elementy ∈ Y is a growth direction for the functionΦ

if and only if the mapping〈·, y〉 is bounded above on every sublevel

set ofΦ.

GΦ can be expressed in terms of the barrier cones of the sublevel

sets off .

GΦ =
⋂

t∈R

B([Φ ≤ t]).

B(Dom)Φ ⊂ B([Φ ≤ t]) =⇒ B(Dom Φ) ⊂ GΦ.

and also
R+ Dom Φ∗ ⊂ GΦ
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no equality in general

In general, the set of growth direction is larger than the cone

spanned by the effective domain of the conjugate. Indeed, consider

the real function

Φ : R → R, Φ(x) =
x − |x|

2
;

the effective domain of its conjugate is void, while the set of growth

direction is the half-lineGΦ = {x ∈ R : x ≥ 0}.

@@@
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PropositionLet Φ be an extended-real-valued functionDomΦ? 6= ∅.

Then, for any vector space topology onY , compatible or not with

the duality, then

B(Dom Φ) ⊂ R+DomΦ?.

PropositionLet Φ be a convex extended-real-valued function with

Dom Φ? 6= ∅. Then, for any vector space topology onY , compatible

or not with the duality, then

GΦ = R+Dom Φ?.
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When Φ is convex

Lemma The set of the growth directions for any convex function

Φ ∈ Γ0(X) is the union between the cone spanned by the effective

domain ofΦ∗ and the barrier cone of the effective domain ofΦ:

GΦ = R+DomΦ∗ ∪ B(DomΦ).
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A consequence

Let us describe two remarkable cases where the set of growth

directions and the cone spanned by the effective domain of the

conjugate coincide.

Let Φ be a real-valued convex function. Then either

GΦ = R+(DomΦ?) or GΦ = {0}.

The second one concerns convex functions which are bounded

below:

For any convex extended-real-valued functionΦ bounded below one

has

GΦ = R+ (Dom Φ?) . (2)p.35/??



Remark

The following result makes the connection between our second

boundedness result, Theorem
 and the criteria(☼) and(H#).

Proposition- Let Φ be a convex extended-real-valued function

minorized by an affine mapping on the whole underlying spaceX.

The following are equivalent:

1. Φ is self-equilibrated;

2. R+ (Dom Φ?) is a linear subspace ofY .
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Remark

When applied to the duality betweenX (supposed to be locally

convex) andX?(topological dual), and using the fact that in this

case,the effective domain of the conjugate of every proper lower

semi-continuous function is nonempty, Theorem
 infers:

Theorem

 Every proper lsc functionΦ defined on a locally

convex vector spaceX is bounded below if the set of all linear and

continuous functionsf : X → R such that

[sup
A

Φ < +∞] ⇒ [sup
A

f < +∞]

is a linear space.
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Two final remarks

Our two criteria (Theorem-and Theorem
) assign to the infimum
of the function to be finite, but do not garantee to the function to
achieve its infimum

Does a self-equilibrated lower semi-continuous convex function

reaches its infimum ?
�

�

�

�Answer :YES

Suppose thatX is the algebraical dual ofY (that is all the linear

maps onY are of form〈x, ·〉, x ∈ X). Then every self-equilibrated

Γ0(X)-function achieves its infimum onX.
�

�

�

�AnswerNO
On every Banach vector spaceX of infinite dimension there is a

self-equilibratedΓ0(X)-function which does not achieve its infimump.38/??



Thank you !
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